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Abstract. Sparse kernel regressors have become popular by applying the support
vector method to regression problems. Although this approach has been shown to
exhibit excellent generalization properties in many experiments, it suffers from
several drawbacks: the absence of probabilistic outputs, the restriction to Mercer
kernels, and the steep growth of the number of support vectors with increasing
size of the training set. In this paper we present a new class of kernel regressors
that effectively overcome the above problems. We call this new approachgener-
alized LASSOregression. It has a clear probabilistic interpretation, produces ex-
tremely sparse solutions, can handle learning sets that are corrupted by outliers,
and is capable of dealing with large-scale problems.

1 Introduction

The problem ofregression analysisis one of the fundamental problems within the field
of supervised machine learning. It can be stated as estimating a real valued function,
given a sample of noisy observations. The data is obtained as i.i.d. pairs of feature
vectors{xi}Ni=1 and corresponding targets{yi}Ni=1, drawn from an unknown joint dis-
tributionp(x, y). Viewed as a function inx, the conditional expectation ofy givenx is
called aregression functionfr(x) = E[y|x] =

∫ +∞
−∞ y p(y|x) dy.

A very successful approach to this problem is thesupport vector machine(SVM).
It models the regression function by way ofkernel functionsk(x,xi):1

fr(x) =
∑N
i=1 k(x,xi)αi =: Kα.

However, SV regression bears some disadvantages: (i) The predictions cannot be in-
terpreted in a probabilistic way. (ii) The solutions are usually not very sparse, and the
number of support vectors is strongly correlated with the sample size. (iii) The kernel
function must satisfy Mercer’s condition.

A Bayesian approach to kernel regression that overcomes these drawbacks was pre-
sented in [8]. This model is referred to as therelevance vector machine(RVM). One

1 For the sake of simplicity we have dropped the constant termα0 throughout this paper. If
the kernel satisfies Mercer’s condition, this can be justified either if the kernel has an implicit
intercept, i.e. ifk(0,0) > 0, or if the input vectors are augmented by an additional entry 1
(e.g. for polynomial kernels). If Mercer’s condition is violated, which may be possible in the
RVM approach, the kernel matrixK itself can be augmented by an additional column of ones.



of its most outstanding features is the extreme sparsity of the solutions. Once we have
successfully trained a regression function, this sparsity allows us to make predictions
for new observations in a highly efficient way. Concerning the training phase, however,
the original RVM algorithm suffers from severe computational problems.

In this paper we present a class of kernel regressors that adapt the conceptual
ideas of the RVM and additionally overcome its computational problems. Moreover,
our model can easily be extended torobust loss functions. This in turn overcomes the
sensitivity of the RVM tooutliers in the data. We propose a highly efficient training al-
gorithm that directly exploits the sparsity of the solutions. Performance studies for both
synthetic and real-word benchmark datasets are presented, which effectively demon-
strate the advantages of our model.

2 Sparse Bayesian kernel regression

Applying a Bayesian method requires us to specify a set of probabilistic models. A
member of this set is called a hypothesisHα which will have a prior probabilityP (Hα).
The likelihood ofHα is P (D|Hα), whereD represents the data. For regression prob-
lems, eachHα corresponds to a regression functionfα. Under the assumption that the
targetsy are generated by corrupting the values offα by additive Gaussian noise of
varianceσ, the likelihood ofHα is∏

i P (yi|xi,Hα) =
∏
i

1√
2πσ2 exp

{
−(yi − fα(xi))2/(2σ2)

}
. (1)

The key concept of the RVM is the use ofautomated relevance determination(ARD)
priors over the expansion coefficients of the following form:

P (α|ϑ′) = N(0, Σα) =
∏N
i=1N (0, ϑ′−1

i ). (2)

This prior model leads us to a posterior of the form

P (α|y,ϑ′, σ2) = (2π)−
N
2 |A|

1
2 exp

{
− 1

2 (α− ᾱ)TA(α− ᾱ)
}
, (3)

with (inverse) covariance matrixA = Σ−1
α + 1

σ2K
TK and mean̄α = 1

σ2A
−1KTy.

From the form of the (1) and (2) it is clear that the posterior mean vector minimizes the
quadratic form

M(α) = ‖y −Kα‖2 + σ2αTΣ−1
α α = ‖y −Kα‖2 +

∑N
i=1 ϑiα

2
i , (4)

where we have definedϑ := σ2ϑ′ for the sake of simplicity.
Given the above class of ARD models, there are now different inference strategies:

– In [8] theRelevance Vector Machine(RVM) was proposed as a (partially) Bayesian
strategy: integrating out the expansion coefficients in the posterior distribution, one
obtains an analytical expression for the marginal likelihoodP (y|ϑ′, σ2), or ev-
idence, for the hyperparameters. For ideal Bayesian inference one should define
hyperpriors overϑ′ andσ, and integrate out these parameters. Since there is no



closed-form solution for this marginalization, however, it is common to use a Gaus-
sian approximation of the posterior mode. Themost probableparametersϑ′MP are
chosen by maximizingP (y|ϑ′, σ2). Given a current estimate for theα vector, the
parametersϑ′k are derived as

(ϑ′k)new = (1− ϑ′k(A−1)kk)/αk. (5)

These values are then substituted into the posterior (3) in order to get a new estimate
for the expansion coefficients:

(α)new =
(
KTK + σ2diag

{
ϑ′
})−1

KTy. (6)

– The key idea ofAdaptive Ridge (AdR) regression is to select the parametersϑj
by minimizing (4). Direct minimization, however, would obviously shrink all pa-
rameters to zero. This is clearly not satisfactory, and can be avoided by applying a
constraint of the form

1
N

∑N
i=1

1
ϑi

= 1
λ , ϑi > 0, (7)

whereλ is a predefined value, (cf. [5]). This constraint connects the individual
variances of the ARD prior by requiring that theirmean varianceis proportional to
1/λ. The idea behind (7) is to start with an ridge-type estimate (ϑi = λ ∀i) and then
introduce a method ofautomatically balancingthe penalization on each variable.

Before going into details, the reader should notice that both approaches are conceptually
equivalent in the sense that they share the same idea of using an ARD prior, and they
both employ some pragmatic procedure for deriving the optimal prior parametersϑ.

For a detailed analysis ofAdR regression, it is useful to introduce a Lagrangian
formalism. The Lagrangian for minimizing (4) under the constraint (7) reads

L = ‖y −Kα‖2 +
∑N
i=1 ϑiα

2
i + µ

(∑N
i=1

1
ϑi
− N

λ

)
. (8)

For the optimal solution, the derivatives ofL with respect to both the primal and dual
variables must vanish. This means∂L/∂αk = 0, ∂L/∂ϑk = 0, ∂L/∂µ = 0. It
follows that for given parametersϑ the optimizing coefficientsαi are derived as

(α)new =
(
KTK + diag{ϑ}

)−1
KTy, (9)

and we find(ϑk)new =
√
µ / |αk|. Together with the stationarity conditions, the optimal

parameters are derived as

(ϑk)new = (λ/N)
(∑N

i=1 |αi|
)
/ |αk|. (10)

During iterated application of (9) and (10), it turns out that some parametersϑj ap-
proach infinity, which means that the variance of the corresponding priorsp(αj |ϑ′j)
becomes zero, and in turn the posteriorp(αj |y,ϑ′, σ2) becomes infinitely peaked at
zero. As a consequence, the coefficientsαj are shrinked to zero, and the correspond-
ing variables (the columns of the kernel matrixK) are removed from the model. Note
that besides the conceptual equivalence between AdR regression and the RVM, both
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Fig. 1.Fitting the noisy sinc-function. First left:
AdR regression, first right: RVM. The original
sinc function is depicted by the dashed curve,
the relevance vectorsby the black circles. For
comparison, also the SVM solution is plotted.
The ε-insensitive tube is depicted by the two
dotted curves around the fit.

approaches are also technically very similar in the following sense: they both share the
same update equations for the coefficientsαi, (9) and (6), and the hyperparametersϑk
in (10) and (5) are inverse proportional to the value of the corresponding weightsαk. It
is thus not surprising, that both methods produce similar regression fits, see figure 1.

We have chosen the popular example of fitting the noisy sinc-function. For compar-
ison, we have also trained a SVM. This simple yet intuitive experiment nicely demon-
strates one of the most outstanding differences between the ARD-models and the SVM:
the former produce solutions which are usually much sparser as the SVM solutions,
sometimes by several orders of magnitude. This immediately illustrates two advantages
of the ARD models: (i) the extreme sparsity may be exploited to develop highly effi-
cient training algorithms, (ii) once we have a trained model, the prediction problem for
new samples can be solved extremely fast.

3 An efficient algorithm for AdR regression

Both the above iterative AdR algorithm and the original RVM algorithm share two
main drawbacks: (i) convergence is rather slow, thus many iterations are needed, (ii)
solving eq. (9) or (6) for the newαi means solving a system ofN linear equations in
N variables, which is very time consuming ifN becomes large.

In the case of AdR regression, the latter problem can be overcome by applying
approximative conjugate gradient methods. Because of (i), however, the over-all proce-
dure still remains rather time consuming. For the original RVM, even this speedup is not
suitable, since here the update equations of the hyperparameters require us toexplicitly
invert the matrix

(
KTK + diag{ϑ}

)
anyway.

However, these computational problems can be overcome by exploiting the equiv-
alence of AdR regression and the so calledLeast Absolute Shrinkage and Selection
Operator (LASSO), see [5],[7]. Since space here precludes a detailed derivation, we
only notice that it can be derived directly from the Lagrangian formalism introduced



in the last section. Minimizing (8) turns out to be equivalent to solving the LASSO
problem, which can be interpreted as`1-penalized least-squares regression:

minimize
∑N
i=1 (yi − (Kα)i)

2 subject to ‖α‖1 < κ. (11)

It is worth noticing that the equivalence holds for any differentiable loss function. In
particular, this allows us to employrobust loss functions which make the estimation
process less sensitive to outliers in the data. We will return to this point in section 4.
The real payoff of reformulating AdR regression in terms of the LASSO is that for the
latter problem there exist highly efficient subset algorithms that directly make use of the
sparsity of the solutions. Such an algorithm was originally introduced in [6] for linear
least squares problems. In the following it will be generalized to both nonlinear kernel
models and to general loss functions. Denoting a differentiable loss function byL, the
Lagrangian for the general LASSO problem can be rewritten as

L(α, λ) =
∑N
i=1 L (yi − (Kα)i)− µ(κ−

∑N
j=1 |αj |). (12)

According to the Kuhn-Tucker theorem, the partial derivatives ofL with respect toαi
andµ have to vanish. Introducing the functionω(t) = ∂L(t)/(t ∂t) and the diagonal
matrixΩ(α) = diag

{
ω
(
[Kα− y]i

)}
, the derivative ofL w.r.t.α reads (cf. [3, 6])

∇αL = KTΩ(α)r + µv = 0, with vi =

{
sign(αi) if αi 6= 0
a ∈ [−1, 1] if αi = 0.

(13)

In the above equationr = y −Kα denotes the vector of residuals. For the derivation
it is useful to introduce some notations: from the form ofv it follows that‖v‖∞ = 1
which impliesµ = ‖KTΩr̂‖∞. To deal with the sparsity of the solutions, it is useful
to introduce the permutation matrixP . It collects the non-zero coefficients ofα in the
first |σ| components, i.e.α = PT

(
ασ
0

)
. Furthermore, we denote byθσ a signvector,

θσ = sign(ασ). An efficient subset selection algorithm, which heavily draws on [6],
can now be outlined as follows: given the current estimateα, the key idea is to calculate
a new search directionh = PT

(
hσ
0

)
locally aroundα. This local problem reads

minimize
h

∑N
i=1 L

(
[yσ]i − [Kσ(ασ + hσ)]i

)
s.t. θTσ (ασ + hσ) ≤ κ (14)

For quadratic loss function this problem can be solved analytically, otherwise it defines
a simple nonlinear optimization problem in|σ| variables. The problem is simple, be-
cause (i) it is usually a low-dimensional problem,|σ| � N , (ii) for a wide class of
robust loss functions it defines aconvexoptimization problem, (iii) either the constraint
is inactive, or the solution lies on the constraint boundary. In the latter case, (if the un-
constrained solution is not feasible) we have to handle only one simple linear equality
constraint,θTσhσ = κ̃. (iv) Our experiments show that the number of nonzero coeffi-
cients|σ| is usuallynot correlatedto the sample sizeN . It follows that even large-scale
problems can be solved efficiently.

The iteration is started fromα = 0 by choosing an initials to insert intoσ and solv-
ing the resulting one-variable problem. With the concept ofsign feasibility
(cf. [1]), the algorithm proceeds as follows:



Check ifα† := α+ h is sign feasible, i.e. if sign(α†σ) = θσ. Otherwise:

– (A1) Move to the first new zero component in directionh, i.e. find the smallestγ, 0 < γ <
1 and correspondingk ∈ σ such that0 = αk + γhk and setα = α+ γh.

– (A2) There are two possibilities:
1. Setθk = −θk and recomputeh. If (α + h) is sign feasible for the revisedθσ, set
α† = α+ h and proceed to the next stage of the algorithm.

2. Otherwise updateσ by deletingk, resettingαk andθk accordingly, and recomputeh
for the revised problem.

– (A3) Iterate until a sign feasibleα† is obtained.

Once sign feasibility is obtained, we can test optimality by verifying (13): calculate

v† = KTΩ(α†)r†

‖KTσ Ω(α†)r†‖∞
= PT

(v†1
v
†
2

)
.

By construction(v†1)i = θi for i ≤ |σ|, and if−1 ≤ (v†2)i ≤ 1 for 1 ≤ i ≤ N − |σ|, thenα†

is the desired solution. Otherwise, one proceeds as follows:
– (B1) Determine the most violated condition, i.e. find the indexs such that(v†2)s has max-

imal absolute value.
– (B2) Updateσ by addings to it and updateα†σ by appending a zero as its last element and
θσ by appending sign(v†2)s.

– (B3) Setα = α†, compute a new directionh by solving (14) and iterate.

4 Experiments

In a first example, theprediction performanceof LASSO regression is demonstrated for
Friedman’s benchmark functions, [4]. Since only relatively small learning sets are
considered, we postpone a detailed analysis ofcomputational coststo the experiments
below. The results are summarized in table 1.

Table 1. Results for Friedman’s func-
tions. Mean prediction error ( 100 ran-
domly generated 240/1000 training/test
splits) and #(support/relevance vectors).
SVM/RVM results are taken from [8].

Dataset SVM RVM LASSO

#1 2.92 / 116.6 2.80 / 59.4 2.84 / 73.5
#2 4140 / 110.3 3505 / 6.9 3808 / 14.2
#3 0.0202 / 106.50.0164 / 11.50.0192 / 16.4

It should be noticed that all three models attain a very similar level of accuracy.
Distinct differences, however, occur in the number of support/relevance vectors: the
models employing ARD priors produce much sparser solutions than the SVM, in ac-
cordance with the results from figure 1. As real-world examples, we present results for
the “house-price-8L” and “bank-32-fh” datasets from theDELVE benchmark reposi-
tory2. We compared both the prediction accuracy and the computational costs of RVM,
SVM3 and LASSO for different sample sizes. The results are summarized in table 2.
From the table we conclude, that (i) the prediction accuracy of all models is compara-
ble, (ii) the ARD models are sparser than the SVM by 1-2 orders of magnitude, (iii)

2 The datasets are available viahttp://www.cs.toronto.edu/ d̃elve/delve.html
3 We used theSVMTorchV 3.07 implementation, see [2].



the RVM has severe computational problems for large training sets, (iv) the LASSO
combines the advantages of efficiently handling large training sets and producing ex-
tremely sparse solutions, see also figure 2. Concerning the training times, the reader
should notice that we are comparing the highly tunedSVMTorchoptimization package,
[2], with a rather simple LASSO implementation, which we consider to yet possess
ample opportunities for further optimization.

Table 2.Results for the “house-price-8L” and “bank-32-fh” datasets from the DELVE repository.
In all experiments RBF kernels are used. The times are measured on a 500 MHz PC. The last 3
columns show the time in seconds for predicting the function value of 4000 test examples.

sample MSE # SV/RV tlearn[s] ttest[s]
Rvm Svm Lasso Rvm Svm Lasso Rvm Svm Lasso Rvm Svm Lasso

(·103) house-price-8L
1000 10991062 1075 33 597 61 4.2 · 103 33 26 0.1 1.4 0.2
2000 10481022 1054 36 1307 63 3.5 · 104 101 72 0.1 3.5 0.2
4000 - 1012 1024 - 2592 69 - 428 312 - 8 0.2

(·10−3) bank-32-fh
2000 7.41 7.82 7.39 14 1638 22 3 · 104 15 24 0.07 6 0.1
4000 - 7.75 7.49 - 3402 23 - 83 102 - 13 0.1
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Fig. 2. Computation times for the “house-8L”
dataset. Solid lines depict training times, dashed
lines depict prediction times for a test set of size
4000. In the training phase, both SVM and LASSO
are clearly advantageous over the RVM. For pre-
dictions, the ARD models outperform the SVM
drastically. Note that the prediction time solely de-
pends on the number of nonzero expansion coef-
ficients, which for ARD models roughly remains
constant with increasing size of the training set.

In the experiments presented so far we exclusively used quadratic loss functions.
It is worth noticing that within thewhole DELVE archivewe could not find a single
problem for which a robust loss function significantly improved the accuracy. This,
however, only means that the problems considered are too “well-behaved” in the sense
that they obviously contain no or only very few outliers. Here, we rather present an
intuitive artificial example with ahigh percentage of outliers. Applications to relevant
real-world problems will be subject of future work. We return to the problem of fitting
the noisy sinc-function, this time however with additional 20% outliers drawn from a
uniform distribution. The situation both for standard- and robust LASSO is depicted
in figure 3. The non-robust LASSO approach is very sensitive to the outliers, which
results from the quadratic growth of the loss function. The robust version employing
a loss function ofHuber’s type(see e.g. [3]) overcomes this drawback by penalizing
distant outliers only linearly.
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Fig. 3. LASSO results for fitting the noisy sinc-function with 20 % outliers. Left: quadratic loss,
right: Huber’s robust loss (region of quadratic growth depicted by the two dotted curves).

5 Discussion

Sparsity is an important feature of kernel regression models, since it simultaneously
allows us to efficiently learn a regression function and to efficiently predict function
values. For the SVM, highly tuned training algorithms have been developed during the
last years. However, the SVM approach still suffers from the steep growth of the number
of support vectors with increasing training sets. Experiments in this paper demonstrate
that ARD models like RVM and LASSO produce solutions that are much sparser that
the SVM solutions. Moreover, the number ofrelevance vectorsis almost uncorrelated
with the size of the training sample. Within the class of ARD models, however, the
original RVM algorithm suffers from severe computational problems during the learn-
ing phase. We could demonstrate that the “kernelized” LASSO estimator overcomes
this drawback while adopting the advantageous properties of the RVM. In addition, we
have shown thatrobustLASSO variants employing loss functions of Huber’s type are
advantageous for situations in which the learning sample is corrupted by outliers.
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